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ACTIONS WITH GLOBALLY HYPOELLIPTIC LEAFWISE
LAPLACIAN AND RIGIDITY
DANIJELA DAMJANOVI ´C
ABSTRACT. In this paper we prove several results concerning smooth
R
k actions with the property that their leafwise Laplacian is globally
hypoelliptic. Such actions are necessarily uniquely ergodic and minimal,
and cohomology is often finite-dimensional, even trivial. Further we
consider a class of examples of R2 actions on 2-step nilmanifolds, which
have globally hypoelliptic leafwise Laplacian, and we show transversal
local rigidity under certain Diophantine conditions.
1. INTRODUCTION
1.1. Transversal local rigidity of actions. Let ρ be a smooth Rk action
by diffeomorphisms of a smooth compact manifold M . We say that ρ is
transversally locally rigid if there exists a finite dimensional transversally
C1 family {ρλ}λ∈Rd of smooth Rk actions on M , such that ρ0 = ρ, and
such that every sufficiently small perturbation of the family ρλ in a neigh-
borhood of λ = 0, intersects the smooth conjugacy class of ρ, or of an
action obtained from ρ via a small coordinate change in the acting group.
In such a situation we also say that ρ is transversally locally rigid with re-
spect to the family {ρλ}. This kind of local behavior for higher rank actions
was studied in [DK] for certain homogenenous parabolic actions and was
further discussed in [D].
1.2. Background: Diophantine vector fields on tori, rigidity and coho-
mology. Let M = Tn. Let {ρλ} be the family of constant vector fields:
for λ = (λ1, . . . , λn) ∈ Rn, ρλ =
∑n
k=1 λn
∂
∂xk
. We call the vector field
ρλ Diophantine if λ is a Diophantine vector: |λ ·m| ≥ C‖m‖−γ , for some
constants C > 0, γ > n− 1, and for all m ∈ Zn \ {0}.
Recall the well known result on perturbations of Diophantine vector fields:
Theorem 1.1 (V.I. Arnold, J. Moser). For ω Diophantine, there is l > 0
and ǫ > 0 such that for every smooth perturbation ρ˜ω = ρω + β of ρω
Based on research supported by NSF grant DMS-1001884 and NSF grant DMS-
1150210.
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which is ε-close to ρω in C l-norm, there exists λ¯ and there exists a smooth
diffeomorphism h of Tn such that:
dh−1(ρλ¯ + β) ◦ h = ρω
One can formulate this theorem in terms of families of perturbations as
follows:
Let ω be Diophantine. Then there exist l > 0 and ε > 0 such that for ev-
ery f which is ε-small in C l-norm, the family {ρλ+β}λ∈Rn of perturbations
of ρω, intersects the conjugacy class of ρω at ρλ¯+ β for some parameter λ¯.
In fact, the same conclusion holds for any transversal family of perturba-
tions:
Theorem 1.2 ([D]). For ω Diophantine, ρω is transversally locally rigid
with respect to the family {ρλ}. Namely, there is l > 0 and ǫ > 0, and a
neighborhood B of ω in Rn, such that for every family of smooth perturba-
tions {ρ˜λ} = {ρω+ β˜λ} of {ρω} which is ε-close to {ρλ} in C l-norm for all
λ ∈ B, and in C1 norm transversally, there exists λ¯ ∈ B and there exists
a smooth diffeomorphism h of Tn such that ρ˜λ¯ is in the conjugacy class of
ρω:
dh−1(ρ˜λ¯) ◦ h = ρω
Theorem 1.2 has a simple proof which uses Theorem 1.1, but it can also
be derived from the main result of [D] (See the first section of [D] for more
details). Both Theorem 1.1 and Theorem 1.2 are about R-actions, i.e. flows.
For actions of larger groups it turns out that the result in Theorem 1.2 is
perhaps more natural, and certainly is more general. Namely, perturbing
a family of actions with a single small perturbation like in Theorem 1.1 is
not possible any more because it would result in a family which would not
necessarily consist of abelian actions.
Consider a smooth Rk, k ≥ 2, action ρ on a torus M = Tn. It is de-
fined by a k-tuple of commuting vector fields. One example is obtained
by taking a k-tuple of constant vector fields λ1, . . . , λk (defined in standard
coordinates by the k-tuple of vectors in Rn, which we also denote by λi).
Let {ρλ} be the family of all Rk smooth actions on Tn which are generated
by such k-tuples of constant vector fields. Let θ = (θ1, . . . , θk) be simul-
taneously Diophantine, i.e. maxi{‖m · θi‖} ≥ C‖m‖−γ for some C > 0,
γ > n− 1 and for all m ∈ Zn. Then the following is obtained in [D]:
Theorem 1.3 ([D]). The action ρθ for θ simultaneously Diophantine is
transversally locally rigid with respect to the family {ρλ}.
All the above local results rely crucially on the fact that the first cohomol-
ogy over the actions involved is trivial, i.e, it reduces to constant cocycles.
The space of cocycles over a smooth action can be viewed as the formal
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tangent space to the space of smooth actions in the neighborhood of the
given action, thus its trivialization suggests strongly that the local picture
about the given action should be simple as well.
Also, the actions considered in the above theorems have another prop-
erty (which in the case of a flow coincides with having trivial cohomology),
namely, they have globally hypoelliptic leafwise Laplacian. It turns out
that this property for a general, not necessarily homogeneous action, is very
strong, and among other facts it also implies finite dimensional first coho-
mology. Again, this strongly suggests that for such actions one may hope
to obtain some classification of perturbations.
1.3. Results. In the first part of this paper we recall what global hypoel-
lipticity is, and we prove several general results concerning dynamical and
cohomological properties of Rk actions with globally hypoelliptic leafwise
Laplacian: unique ergodicity, minimality and that first and second coho-
mology tend to be finite dimensional, in some cases even trivial.
In the second part of the paper we generalize the local results described
in Theorems 1.2 and 1.3 to 2-step nilmanifolds. Namely we prove transver-
sal local rigidity for certain R2 homogeneous actions on 2-step nilmani-
folds which satisfy certain Diophantine conditions. This is Theorem 4.1 in
Section 4. The proof of Theorem 4.1 uses a general result from [D] that
describes cohomological conditions which imply transversal local rigidity
(Theorem 4.4). The fact that these cohomological conditions are satisfied
for the actions on 2-step nilmanifolds considered in Theorem 4.1 comes
from global hypoellipticity of the leafwise Laplacian and from the analysis
of the induced action in nilmanifold representations.
In Section 5 we discuss some further questions related to actions with
globally hypoelliptic leafwise Laplacian.
Author would like to express gratitude to Giovanni Forni and Federico
Rodriguez-Hertz for useful discussion and insights.
2. PRELIMINARIES
2.1. Globally hypoelliptic differential operators. Let L be a differential
operator on a compact connected smooth manifold M . Denote by E the
space C∞(M) of smooth functions and by E′ the space of distributions. Let
KerL = {D ∈ E′ : D(Lf) = 0 for all f ∈ E}. In what follows we assume
that KerL contains a nowhere vanishing smooth volume form on M .
Definition 2.1. Operator L is globally hypoelliptic (GH) if every distribu-
tional solution u to the equation Lu = f where f ∈ E, is in E.
In [GW1] Greenfield and Wallach prove the following fact about GH
operators:
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Proposition 2.1 ([GW1]). If differential operatorL is GH, then dim(KerL) <
∞.
Greenfield and Wallach apply the above fact to L = LX , the Lie deriva-
tive for a given smooth vector field X on M , and they obtain:
Proposition 2.2 ([GW2]). If L = LX is GH, then dim(KerL) = 1 and
KerL is spanned by a nowhere vanishing smooth volume form on M .
This immediately implies the following fact for the flow ΦtX tangent to a
GH vector field X:
Corollary 2.1 ([GW1]). If L = LX is GH, then ΦtX is uniquely ergodic and
minimal flow on M .
Prime example of a flow tangent to a GH vector field is the Diophantine
flow on a torus. An open question is
Conjecture 2.1. [Greenfield-Wallach, A. Katok] If L = LX is GH then ΦtX
is smoothly conjugated to the Diophantine flow on the torus.
Reader interested in recent developments in the direction of this con-
jecture may consult [F]. The formulation above is due to Greenfield and
Wallach. A. Katok’s conjecture involved a seemingly stronger property of
ΦtX being cohomology free. Operator L = LX (or the corresponding flow
ΦtX) is cohomology free if the equation Lu = f has a C∞ solution for every
C∞ function f whose average on M , with respect to the nowhere vanishing
smooth volume form, is zero. Equivalence of the two notions in case of the
Lie derivative operator for a smooth vector field X was proved in [CC], and
a complete proof can also be found in [F]:
Proposition 2.3 ([CC], [F]). L = LX is GH if and only if it is cohomology
free.
The proof in [F] of the above Proposition actually shows that for any
linear operator L which is GH and for which KerL is trivial i.e. KerL
consists of constant functions, the range Im(L) of L : C∞(M)→ C∞(M),
is a closed space. This implies by the Hahn-Banach theorem that the smooth
cohomology over L is completely determined by the space of L-invariant
distributions. If this space is trivial, then L is cohomology free. Otherwise,
if for a GH operator L, KerL is not trivial and if the range Im(L) of L is a
closed space, then by Proposition 2.1, Im(L) must be in the intersection of
finitely many distributions D1, . . . , Dm. Thus we have:
Proposition 2.4. a) If L is GH and Im(L) is a closed space, then there
are finitely many distributions D1, . . . , Dm such that for every smooth f ∈
∩mi=1KerDi, there exists a function h in C∞(M) such that Lh = f .
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b) If L is GH and KerL consists of constant functions, then Im(L) is a
closed space and L is cohomology free.
Remark. In [GW1] it is also proved that if L is GH and commutes with
an elliptic operator, then it does have a closed range.
2.2. Cohomology over Rk actions. Let ρ be a smooth action of Rk on
manifold M , generated by k commuting smooth vector fields X1, . . . , Xk
on M . Let g denote the linear space spanned by X1, . . . , Xk. Let V de-
note either C∞(M), or the space of smooth vector fields Vect∞(M), or in
the case when M is paralellizable, the space of vector fields with constant
coefficients.
Denote by Cj(g, V ) the space Homj(∧jg,V) of multilinear alternating
mappings from g × · · · × g to V . This is the space of j-cochains where
j = 0, 1, . . . , k, Clearly C0(g, V ) = V . The coboundary operators δjρ :
Cj(g, V )→ Cj+1(g, V ) are defined by:
(δjρω)(Y0, Y1, . . . , Yj) =
∑
0≤i≤j
(−1)jLYiω(Y0, . . . , Yˆi, . . . , Yj)
for ω ∈ Cj(g, V ), Y0, . . . , Yj ∈ g, and Yˆi means that the i-th entry is omitted.
Denote by Zjρ(V ) = Ker(δjρ) the space of all j-cocycles and by Bjρ(V ) =
Im(δj−1ρ ) denote the space of all j-coboundaries. The factor space Zjρ(V )/Bjρ(V )
is the j-th cohomology over the action ρ with coefficients in V , and is de-
noted by Hjρ(V ).
We will be interested only in the first two coboundary operators, and here
is how they look like:
(δ0ρH)(X) = LXH, H ∈ V, X ∈ g
(δ1ρΨ)(X, Y ) = LXΨ(Y )− LYΨ(X),Ψ ∈ C
1(g, V )
It is easy to see that for an Rk action ρ, Hjρ(V ) is trivial for j > k, and
that Kerδkρ is the whole space of k-cochains.
Left or right sided inverses of operators δjρ, if they exist, will be denoted
by δj∗ρ .
3. PROPERTIES OF SMOOTH VOLUME PRESERVING Rk ACTIONS WITH
GLOBALLY HYPOELLIPTIC LEAFWISE LAPLACIAN
Assume an Rk action ρ onM is generated by k smooth commuting vector
fields X1, . . .Xk. Let
Lρ =
k∑
i=1
X2k
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be the leafwise Laplacian associated to the action ρ, whereXk stands for the
Lie derivative LXk . (Remark: It would certainly be more standard to call
−
∑k
i=1X
2
k the leafwise Laplacian, but change of the sign has no influence
on any statements in this paper, so we opted for a simpler form).
3.1. Unique ergodicity.
Proposition 3.1. If Lρ is GH, then dim(∩ki=1KerXi)) = 1.
Proof: The argument here is similar to the proof of 2.2 in [GW2].
Since clearly ∩ki=1KerXi ⊂ KerLρ, from Proposition 2.1 it follows that
dim(∩ki=1KerXi) < ∞. Surely the nowhere vanishing smooth form ω is
in ∩ki=1KerXi. Assume that for some f ∈ C∞(M) we also have fω ∈
∩ki=1KerXi. This implies Xif = 0 for i = 1, . . . , k, and since Xi’s are vec-
tor fields we also have Xifn = 0 for any n ≥ 0. But then ∩ki=1KerXi con-
tains {ω, fω, f 2ω, . . . }. Since ∩ki=1KerXi is finite dimensional this means
that for some N large enough we must have
∑N
j=0 ajf
j = 0. But this im-
plies that f takes only finitely many values, and since M is connected, it
follows that f is constant. 
An immediate consequence is:
Corollary 3.1. If Lρ is GH, then ρ is uniquely ergodic and minimal Rk
action.
Remark. Flows or Rk actions whose distributional kernel contains only
constant multiples of a smooth volume form are sometimes called strongly
uniquely ergodic actions.
3.2. Finite dimensional cohomology.
Proposition 3.2. a) If Lρ is GH and if Im(Lρ) is a closed space, then
dimH1ρ(C
∞(M)) <∞.
b) If Lρ is GH and KerLρ is 1-dimensional spanned by the invariant
volume form, then H1ρ(C∞(M)) is trivial, namely every cocycle with trivial
average is a coboundary.
Proof:
Proof of part a). It is clear that ω in ∈ C1(g, C∞) is completely deter-
mined by its values on the basis of g, i.e. by ω(Xi), i = 1, . . . , k.
Define operator d : C1(g, C∞)→ C∞0 (M) by
d(ω) =
k∑
i=1
Xiω(Xi).
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Also define L(ω) to be the element of C1(g, C∞) such that
(L(ω))(Xi) = Lρ(ω(Xi)).
Then the following properties hold:
(1) d ◦ δ0ρ = Lρ on C∞0 (M).
(2) L = δ0ρ ◦ d on Kerδ1ρ.
The property (1) is trivial to check. For property (2), given ω, let fi :=
ω(Xi). Then we have:
δ0ρ ◦ d(f1, . . . , fk) = δ
0
ρ(
∑
i
Xifi) = (
∑
i
XiX1fi, . . . ,
∑
i
XiXkfi)
Now use the assumption that ω ∈ Kerδ1ρ , i.e. that Xjfi = Xifj . By using
this substitution in the previous formula we get:
δ0ρ ◦ d(f1, . . . , fk) = (
∑
i
X2i f1, . . . ,
∑
i
X2i fk) = L(ω)
This proves property (2).
Now let ω ∈ C1(g, C∞) satisfy δ1ρ(ω) = 0, and consider the smooth
function d(ω).
Since Lρ is GH, by Proposition 2.1 it follows that KerLρ is finite dimen-
sional and smooth, say it is spanned by F0, F1, . . . , Fm, where F0 = 1.
Denote by Di the distributions induced by Fi.
Assume first that d(ω) ∈ ∩mi=0KerDi. Since Im(Lρ) is a closed space by
assumption, by Proposition 2.4 a), there exists h ∈ C∞(M) such that
Lρh = d(ω)
Because of property (1), this implies d(δ0ρh) = d(ω), therefore d(δ0ρh−ω) =
0. Since δ0ρh− ω ∈ Kerδ1ρ, by the property (2) we have
L(δ1ρh− ω) = δ
1
ρ(d(δ
1
ρh− ω)) = 0
Thus for each i: L(δ0ρh− ω)(Xi) = Lρ((δ0ρh− ω)(Xi)) = 0
Since KerL is finite dimensional spanned by F0, . . . , Fm, we have for
each i = 1, . . . , k some constants aij such that:
(δ0ρh− ω)(Xi) =
m∑
j=0
aij(ω)Fj.
So the (finite dimensional) cohomology of L completely determines the
cohmology classes of ω for which d(ω) is in the kernel of invariant distri-
butions for Lρ. If we denote by γω the form belonging to a finite dimen-
sional space of forms, defined by γω(Xi) =
∑
j a
i
j(ω)Fj , then for each
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i = 1, . . . , k:
(1) ω(Xi) = Xih− γω(Xi)
In order to treat the case when d(ω) is not in ∩KerDi, define functionals
D˜i := Di ◦ d
on C1(g, C∞). The space Kerδ1ρ is a closed subspace in C1(g, C∞), so for
every non-trivial D˜i there exists a form αi in Kerδ1ρ such that D˜i(αj) = δij .
Now if d(ω) /∈ ∩KerDi, then for constants bi(ω) := D˜i(ω), clearly
d(ω −
m∑
i=0
bi(ω)αi) ∈ ∩
m
i=0KerDi
so the previous part of the proof applies, giving that there exists a smooth h
such that
ω −
m∑
i=0
bi(ω)αi = δ
0
ρh− γω
This gives a decomposition of ω into a coboundary and a form whcih be-
longs to a fixed finite dimensional space of forms:
(2) ω = δ0ρh+
m∑
i=0
bi(ω)αi −
m∑
j=0
aij(ω)Fj
Therefore, modulo a cocycle belonging to a finite dimensional subspace of
C1(g, C∞), ω belongs to the range of the operator δ0ρ. This implies that the
first cohomology is finite dimensional. The dimension of the cohomology
H1ρ(C
∞(M)) is at most 2m + 1, where m + 1 is the dimension of the first
cohomology for Lρ.
Proof of part b). From Proposition 2.4 b) the range Im(Lρ) is closed,
thus the proof of part a) applies only with a significant simplification in the
beginning: assume that Ker(Lρ) is spanned by F0 = 1. Then D0(d(ω)) = 0
for all ω so only the first part of the proof of a) is relevant, moreover in (1)
γω takes constant values, so modulo a constant cocycle ω is a coboundary,
i.e. H1ρ(C∞(M)) is trivial.

Remark. There certainly exist actions with trivial H1ρ(C∞(M)) which do
not have GH leafwise Laplacian. One example is the Weyl chamber flow
on SL(n,R)/Γ for n ≥ 3. (See for example [KS]).
Proposition 3.3. If Lρ is (GH) and Im(Lρ) is closed, then the top cohomol-
ogy Hkρ (C∞(M)) is finite dimensional and has the dimension less or equal
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than the kernel of Lρ. In particular, Hkρ (C∞(M)) is trivial if Lρ has kernel
consisting only of constants.
Proof: For the top cohomology, any k-cochain ω is completely defined
by the value it takes on X1, . . . , Xk. Also, in the top cohomology Kerδkρ is
the whole space of k-cochains, i.e. smooth functions.
Let s = ω(X1, X2, . . . , Xk) ∈ C∞(M). Let as before D0, D1, . . . , Dm be
the distributions spanning KerLρ. If s ∈ ∩mi=0KerDi, then by Proposition
2.4 there exists h ∈ C∞ such that
s = Lh = X21h+ · · ·+X
2
kh = X1(X1h) + · · ·+Xk(Xkh).
Thus if we define a k − 1 chain φ by:
φ(X1, . . . , Xˆi, . . . , Xk) := (−1)
i+1Xih,
then clearly δkρφ = ω. For every one of the distributions Di there exists si
such that Di(sj) = δij , so we have that for every k-cochain ω:
ω(X1, . . . , Xk)−
m∑
i=0
Di(ω(X1, . . . , Xk))si
lies in ∩mi=0KerDi and therefore is a k-coboundary. Thus the top cohomol-
ogy is finite dimensional of the dimension at most m+ 1. 
4. TRANSVERSAL LOCAL RIGIDITY FOR R2 ACTIONS ON 2-STEP
NILMANIFOLDS
4.1. Setup and the formulation of the result. Let N be a 2-step rational
nilpotent Lie algebra and let N be the corresponding connected simply con-
nected Lie group. Let Γ be a (cocompact) discrete subgroup of N and let
M = Γ \N .
Denote by Y1 . . . , Yq and Z1, . . . , Zp a linear basis for n (selected from
log Γ) so that:
• Y1 + [N,N], . . . , Yq + [N,N] is a basis for N/[N,N], and
• Z1, . . . , Zp is a basis for [N,N].
Now define a p + q-dimensional family of R2 actions ρa,b: for vectors
a = (a1, . . . , aq) ∈ R
q and b = (b1 . . . , bp) ∈ Rp, action ρa,b is generated
by the commuting pair
X1 := a1Y1 + · · ·+ aqYq, and X2 := b1Z1 + · · ·+ bpZp.
Recall that a vector a = (a1, . . . , an) ∈ Rn is Diophantine, if there exist
positive constants C and γ > n− 1 such that
|a1k1 + · · ·+ ankn| ≥ C‖(k1, . . . , kn)‖
−γ
holds for any non-trivial integer vector (k1, . . . , kn).
10 DANIJELA DAMJANOVI ´C
We consider perturbations of the p+ q-dimensional family of R2 actions
{ρa,b} in a neighborhood of ρα,β where α and β are both Diophantine.
The following is the perturbation result which will be proved in the sub-
sequent sections:
Theorem 4.1. If α and β are Diophantine vectors, then ρα,β is transversally
locally rigid with respect to the family {ρa,b}a∈Rq ,b∈Rp .
The starting point towards the proof the Theorem 4.1 is the following
result proved by Cygan and Richardson:
Theorem 4.2 (Cygan-Richardson [CR]). If α and β are Diophantine, then
for the action ρα,β the leafwise Laplacian Lρα,β is GH. Also, KerLρα,β is
trivial, i.e. consists only of constant functions.
Corollary 4.1. a) If α and β are Diophantine, then the action ρα,β has
trivial first and second cohomology with coefficients in smooth functions.
b) If α and β are Diophantine, then the first cohomology over the action
ρα,β with coefficients in vector fields coincides with the constant cohomol-
ogy over the action, namely the first cohomology with coefficients in N.
Proof: Part a) is follows by Propositions 3.2 and 3.3. Part b) follows from
part a) and Proposition 1 from [D]. Namely, given that N is nilpotent, the
first and second coboundary operators on vector fields have an upper trian-
gular form (with respect to a basis chosen in N), so after a finite number of
inductive steps a) implies b). 
The proof of Theorem 4.1 is an application of the general ”implicit func-
tion” type theorem proved in [D]. This general result lists cohomological
conditions on a finite dimensional family of actions in a neighborhood of a
given action in the family, which imply transversal local rigidity. We state
this general result in Section 4.6. Two main cohomological conditions for
family {ρa,b} are already partially confirmed by Corollary 4.1, however in
addition to cohomology trivialization we will also need to obtain tame esti-
mates for the inverses δ0∗ρα,β and δ
1∗
ρα,β
, of the first two coboundary operators
over the action ρα,β.
The j − th coboundary operator has a tame inverse, if for some scale of
norms ‖ · ‖r (in this paper we use Sobolev norms), the following is satisfied
for a smooth j-cochain Ψ:
‖δj∗ρα,βΨ‖r ≤ Cr‖Ψ‖r+σ,
where r > 0 is arbitrary, Cr is a constant which besides ρα,β and Γ \N
may only depend on r, and σ is a constant which depends only on ρα,β and
Γ \N .
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The tame estimate for the inverse of the first coboundary operator is ob-
tained in Section 4.3, and the tame estimate for the inverse of the second
coboundary operator is obtained in Section 4.4. For the purpose of obtain-
ing tame estimates we need to make use of elementary Kirillov theory de-
scribing representations of nilpotent manifolds, and we summarize the facts
from Kirillov theory needed here in Section 4.2. Finally, we show where
the family ρa,b comes from: namely that it is precisely the family which,
together with coordinate changes for the action ρα,β, parametrizes the con-
stant cohomology i.e. the first cohomology over ρα,β with coefficients in N.
This computation is contained in the Section 4.5. The proof of Theorem 4.1
is contained in Section 4.7.
4.2. Representations and Kirilov theory. In the subsequent sections, given
a differential operator L the main goal is to study regularity of solutions of
equation Lu = f where f ∈ C∞(Γ \ N). Classical approach to this type
of a problem is to use irreducible Fourier series decomposition of a distri-
bution u. Existence and properties of this decomposition for functions of
nilmanifolds come from Kirilov theory [K], [CG1].
When N is a finite dimensional real nilpotent Lie algebra andN = expN
the corresponding Lie group, it was proved by Malcev that N has a cocom-
pact discrete subgroup Γ if and only if N has rational structure constants
with respect to some suitable basis. In this case the basis for N can be
selected from log Γ.
Denote by Nˆ the space of equivalence classes of irreducible represen-
tations of N . It is proved by Kirillov [K], that the elements in Nˆ are in
one-to-one correspondence with the coadjoint orbits in the linear dual N∗
of N. These are orbits under the coadjoint action on N which is defined by
Ad∗(g)λ = λ ◦ Ad(g−1) for g ∈ N and λ ∈ N∗. Representation π which
corresponds to the coadjoint orbit O(λ) = Ad∗(N)λ of λ ∈ N∗ can be de-
noted by πλ and the orbit O(λ) may also be denoted sometimes by O(π) if
it corresponds to π.
Denote the subspace of Nˆ which appears in the discrete direct sum de-
composition of L2(Γ\N) by (Γ \N )ˆ. Richardson proved that π ∈ (Γ \N )ˆ
if and only if there exists λ ∈ O(π) and a rational subalgebra M subordi-
nate to λ such that χλ(expM ∩ Γ) = 1. This implies that if Z is the center
of N, λ must be integer valued on Z ∩ log Γ.
Given a representation π corresponding to the coadjoint orbit O(π) =
O(λ), ‖π‖ denotes the distance from O(π) to the origin in N∗.
Every nilmanifold Γ \N has the associated torus Γ[N,N ] \ N . The
only representations in (Γ \N )ˆ which are not infinite dimensional are the
one-dimensional representations of Γ[N,N ] \ N . For f ∈ C∞(Γ \N),
f0 denotes the sum of these one dimensional components of f , and the
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set of the remaining infinite dimensional representations will be denoted
by (Γ \N )ˆ∞. On a 2-step nilpotent Lie group N the representations in
(Γ \N )ˆ∞, rather the corresponding coadjoint orbits, can be parametrized
by hyperplanes in the real vector space of the dimension equal to the di-
mension of the basis of N.
Theorem 4.2 in [CR] uses Schro¨dinger models for the representations
of two-step nilmanifolds in (Γ \N )ˆ∞. Here we only need the fact that for
every coadjoint orbitO(λ) corresponding to an irreducible unitary represen-
tation in (Γ \N )ˆ∞, one can assign a (unitarily equivalent) representation π
for which dπ acts on the center Z non-trivially by scalar multiplication:
dπ(Z) = iλ(Z)I
for every Z ∈ [N,N], [CG1]. Also, for a two-step nilmanifold Γ \N the
representations space Hpi corresponding to any π ∈ (Γ \N )ˆ∞ is L2(Rn),
where n varies with the structure and the dimension of N .
For non-toral (infinite dimensional) representations π, from the geomet-
ric description of the corresponding coadjoint orbit, in [C] the distance ‖π‖
was computed in terms of the values of the corresponding functional λ on
the basis of N. Immediate consequence is that:
‖(λ(Z1), . . . , λ(Zp))‖ ≤ ‖π‖
where Z1, . . . , Zp is the basis of the center of the two-step nilpotent Lie
algebra N.
Every f ∈ L2(Γ \N) decomposes as:
f =
∑
pi∈(Γ\N )ˆ
fpi
where fpi denotes the component of f in the representation π. It is well
known that if f ∈ C∞(Γ \N) then fpi are smooth. Also Sobolev space
W r(Γ \N) decomposes into a direct sum of Sobolev spacesW r(Hpi)where
π ∈ (Γ \N )ˆ and Hpi is the representation space of π.
We will use here a more precise statement which is obtained by Corwin
and Greenleaf in [CG], and which compares the Sobolev norms of compo-
nents fpi to the Sobolev norm of f , for a smooth function f . Namely the
following holds:
Theorem 4.3 ([CG]). a) For a smooth f for any s > 0 and k > 0:
‖fpi‖s ≤ Cs‖π‖
−k‖f‖s+k
where Cs is a constant depending only on s and the manifold.
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b) There exists exponent k0 > 0 such that for k ≥ k0:∑
pi∈(Γ\N )ˆ
‖π‖−k <∞.
Remark. In the subsequent sections we will use letter C to denote any
constant which depends only on the manifold Γ \N and the action ρα,β,
and Cr do denote additional dependence of the constant on parameter r.
4.3. Tame inverse δ0∗ρ to the first coboundary operator. Recall that δ0ρ
is the first coboundary operator which to every smooth function h assigns
a cocycle on the Lie algebra g of the acting group, defined by X 7→ LXh
for X ∈ g. This cocycle is clearly completely determined by its values on
the basis of the acting Lie algebra, and for the action ρ = ρα,β these are
precisely the vector fields X1 and X2 which generate the action.
Thus, δ0ρ can be considered as a map h 7→ (LX1h,LX2h). For more
compact notation denote LXi by Xi, i = 1, 2. From Corollary 4.1, we know
that δ0ρ has an inverse operator δ0
∗
ρ on cocycles of trivial average. However,
for the application of Theorem 4.4, one also needs tame estimates for δ0∗ρ .
The goal of this section is to obtain such estimates.
Denote by C∞0 (Γ \N) the space of smooth functions on Γ \N with zero
average. Let f, g ∈ C∞0 (Γ \N) generate a smooth cocycle over ρα,β . Since
from Corollary 4.1 we already have that the first cohomology over ρα,β
trivializes, it follows that there exists h ∈ C∞(Γ \N) such that:
(3) X1h = f
X2h = g
We will obtain estimates for h by looking at (3) in toral and non-toral rep-
resentations.
If π denotes an irreducible representation in (Γ \N )ˆ, then as before fpi
denotes the component of f in the representation space of π. Every function
f decomposes as:
f = f0 +
∑
pi∈(Γ\N )ˆ
∞
fpi
where f0 lives on the associated torus Γ[N,N ] \N , and (Γ \N )ˆ∞ denotes
the set of non-toral (infinite dimensional) representations in (Γ \N )ˆ.
Let π be an irreducible representation associated to the coadjoint orbit
of λ ∈ N∗, and let dπ denote the corresponding representation of the Lie
algebra N. Recall that λ([N,N] ∩ log Γ) ⊂ Z.
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The coboundary equation (3) in representation π looks like:
(4) dπ(X1)hpi = fpi
dπ(X2)hpi = gpi
For the toral component f0, the first equation above is:∑
i
αi
∂
∂xi
h0 = f0
This is the well known small divisor equation on the associated torus Γ[N,N ]\
N , and it is a classical fact (for example [M]) that given the Diophantine
condition on α, the norm of h0 is estimated by:
(5) ‖h0‖r ≤ Cr‖f0‖r+σ
for any positive r, where Cr and σ are fixed constants depending only on
Diophantine properties of α and the dimension of Γ[N,N ] \N .
Note that for the toral component f0 of a smooth function f we have:
(6) ‖f0‖r ≤ Cr‖f‖r+σ′
where σ′ depends on the dimension of Γ \N and the dimension of the as-
sociated torus. This is an immediate consequence of Theorem 4.3 a), and
the fact that that toral representations are parametrized by integer vectors.
Now if π belongs to the class of non-toral representations, then the second
equation in (4) becomes:
i
∑
j
βjλ(Zj)hpi = gpi
Using the Diophantine condition on β, this implies:
(7) ‖hpi‖r ≤ C‖(λ(Z1), . . . , λ(Zp))‖γ‖gpi‖r
for any positive r, where C and γ are positive constants which depend on
the Diophantine properties of β.
Since ‖(λ(Z1), . . . , λ(Zp))‖ ≤ ‖π‖, it follows that for every π the esti-
mate for hpi of the following form holds:
‖hpi‖r ≤ C‖π‖
γ‖gpi‖r
where r is arbitrary positive, and constantsC and σ depend on the Diophan-
tine properties of α and β.
From the Theorem 4.3 of Corwin-Greenleaf:
‖gpi‖r ≤ Cr‖π‖
−k‖g‖r+k
Putting together the estimates above it follows that h satisfies:
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(8) ‖h‖r ≤ Cr‖f‖r+σ+σ′ + Cr
∑
pi∈(Γ\N )ˆ
∞
‖π‖−k+γ‖g‖r+k
From Theorem 4.3 part b), there exists k0 such that
∑
pi∈(Γ\N )ˆ ‖π‖
−k+γ <
∞ as long as k − γ ≥ k0, therefore, by choosing k to be the nearest integer
greater than γ + k0, and by redefining σ := max{σ + σ′, k} we obtain a
tame estimate for h:
(9) ‖h‖r ≤ Crmax{‖f‖r+σ, ‖g‖r+σ}
where C and σ are constants depending only on the manifold Γ \N and the
Diophantine properties of α and β.
4.4. Tame inverse δ1∗ρ to the second coboundary operator. Second cobound-
ary operator δ1ρ takes a mapping from the acting Lie algebra to the smooth
functions, into a mapping from the double product of the acting Lie algebra
g× g to the smooth functions. Given that our acting Lie algebra is two di-
mensional and generated by vector fields X1 and X2, the operator δ1ρ can be
simply described as a map from C∞(Γ \N)×C∞(Γ \N) intoC∞(Γ \N),
defined by (f, g) 7→ X2f −X1g. In this section we show the existence of a
tame inverse for this operator, defined on the range of the operator.
Let f, g, φ ∈ C∞(Γ \N) be such that
(10) X2f −X1g = φ
If π is an irreducible representation (corresponding to λ ∈ N∗), then the
second cohomology equation (10) in this representation looks like:
(11) dπ(X2)fpi − dπ(X1)gpi = φpi
Since dπ(X2) acts trivially, for the full toral components f0, g0 and φ0,
equation (11) reduces to:
−
∑
αi
∂
∂xi
g0 = φ0
As before, this is a standard small divisor equation on the associated torus,
so using the Diophantine assumption on α, and (6), we obtain the following
estimate:
(12) ‖g0 − gtriv‖r ≤ Cr‖φ0‖r+σ ≤ C‖φ‖r+σ+σ′
where gtriv denotes the component of g in the trivial representation, and C,
σ and σ′ are constants depending on Diophantine properties of α. Also,
as in the previous section, under the condition that f0 is 0 in the trivial
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representation, we can solve the equation f0 = dπ(X1)h0 =
∑
i αi
∂
∂xi
h0
for h0 with the estimate:
‖h0‖r ≤ Cr‖f‖r+σ+σ′
So on the associated torus we can define f˜0 := 0, g˜0 := g0−gtriv , ftriv to be
the component of f in the trivial representation, and this gives the following
splitting of the toral components:
(13) f0 = X1h0 + f˜0 + ftriv
g0 = X2h0 + g˜0 + gtriv
with estimates:
(14) max{‖f˜0‖r, ‖g˜0‖r} ≤ Cr‖φ‖r+σ+σ′
‖h0‖r ≤ Cr max{‖f‖r+σ+σ′ , ‖g‖r+σ+σ′}
If π is a non-toral representation, then as in the previous section we can
solve the equation dπ(X2)g¯pi = gpi. Namely, g¯pi = −i(
∑
j βjλ(Zj))
−1gpi,
which, after using the Diophantine assumption on β, implies the following
estimate for g¯pi:
‖g¯pi‖r ≤ C‖(λ(Z1), . . . , λ(Zp))‖
γ‖gpi‖r
Similarily, let φ¯pi be the solution to the equation dπ(X2)φ¯pi = φpi, satisfying
the estimate:
‖φ¯pi‖r ≤ C‖(λ(Z1), . . . , λ(Zp))‖
γ‖φpi‖r
Then using commutativity of dπ(X1) and dπ(X2), from (11) we have:
fpi = dπ(X1)g¯pi + φ¯pi.
Thus by defining f˜pi := φ¯pi and g˜pi := 0, the π-components of f and g can
be split as:
(15) fpi = dπ(X1)g¯pi + f˜pi
gpi = dπ(X2)g¯pi + g˜pi
with estimates:
(16) max{‖f˜pi‖r, ‖g˜pi‖r} ≤ C‖(λ(Z1, . . . , λ(Zp))‖
γ‖φpi‖r
‖g¯pi‖r ≤ C‖(λ(Z1, . . . , λ(Zp))‖
γ max{‖fpi‖r, ‖gpi‖r}
We may now summarize information obtained from all representations.
As before, it will be also used that ‖(λ(Z1, . . . , λ(Zp))‖ ≤ ‖π‖. Let f, g
and φ satisfy the equation (10). Then we can split f and g into a part which
is a coboundary and into a part which is of the order of φ in the following
way:
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(17) f = X1H + f˜ + ftriv
g = X2H + g˜ + gtriv
where
H := h0 +
∑
pi∈(Γ\N )ˆ
∞
g¯pi
f˜ := f˜0 +
∑
pi∈(Γ\N )ˆ
∞
f˜pi
g˜ := g˜0 +
∑
pi∈(Γ\N )ˆ
∞
g˜pi
with f˜0 = 0, g˜0 = g0 − gtriv, f˜pi = φ¯pi and g˜pi = 0, for π ∈ (Γ \N )ˆ∞.
From all the previously obtained estimates 14 and 16, it follows that:
‖H‖r ≤ Crmax{‖f‖r+σ+σ′ , ‖g‖r+σ+σ′}+Cr
∑
pi∈(Γ\N )ˆ
∞
‖π‖γ−kmax{‖f‖r+k, ‖g‖r+k}
and
max{‖f˜‖r, ‖g˜‖r} ≤ Cr‖φ‖r+σ+σ′ + Cr
∑
pi∈(Γ\N )ˆ
∞
‖π‖γ−k‖φ‖r+k
Again, by choosing a fixed k > k0 + γ, (where k0 is the constant from
Theorem 4.3 b)), and by redefining σ := max{σ + σ′, k}, the final tame
estimates follow:
(18)
‖H‖r ≤ Crmax{‖f‖r+σ, ‖g‖r+σ}
max{‖f˜‖r, ‖g˜‖r} ≤ Cr‖φ‖r+σ
It is clear from the above splittings and estimates that if (f, g) is a cocycle,
i.e. if δ1ρ((f, g)) = 0, then φ = 0 and thus modulo the averages of f and g,
the cocycle (f, g) is a coboundary.
Remark. The above is a direct proof. However due to the fact that the
2nd cohomology over the action ρ := ρα,β is also trivial, there is an al-
ternative way of obtaining the tame estimates for δ1∗ρ , which is perhaps a
more canonical approach in the setting of actions with GH leafwise Lapla-
cian. Namely, we have from Corollary 2.4 that the cohomology over Lρ
is trivial, so for any C∞ function s if the average of s is trivial, then there
exists a C∞ function h such that Lρh = s. (Notice that since kerLρ con-
tains only constants, the solution h is unique up to a constant). Suppose
that in addition one can obtain tame estimate for h with respect to s. (In
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the context of action ρ it is possible to prove this fact by looking into each
irreducible representation: in toral representation the estimate is the clas-
sical small divisor problem, and in non-toral representation the estimate
comes from solving a second order differential equation.) Now this implies
s = X21h+X
2
2h = X2f˜−X1g˜ where f˜ := X2h and g˜ = −X1h. This would
clearly define a tame inverse δ1∗ρ for the operator δ1ρ on the full space of
smooth 2-cochains (which are in fact smooth functions). If s = X2f −X1g
then f − f˜ and g − g˜ constitute a coboundary, so there exists h′ such that
f − f˜ = X1h
′ and g − g˜ = X2h′. Thus in this version, the splitting for f
and g would look like:
f = X1h
′ +X2h
g = X2h
′ −X1h
where h′ satisfies tame estimates with respect to (f, g) and h satisfies tame
estimates with respect to s = X2f − X1g. Notice that in this version of
splitting, h and h′ are unique up to a constant.
4.5. Computation of constant cohomology. Consider an arbitrary con-
stant cocycle Ψ over ρ = ρα,β. This is a map from the abelian Lie algerba
g spanned by X1 and X2, into the nilpotent Lie algebra N. It is completely
defined by Ψ(X1) and Ψ(X2). Recall that dimN = p+ q = n. Let
Ψ(Xk) =
q∑
i=1
aki Yi +
p∑
j=1
bkjZj
where k = 1 or 2.
If Ψ ∈ Kerδ1ρ , then [X2,Ψ(X1)] = [X1,Ψ(X2)], that is:
q∑
i=1
a1i [X2, Yi] +
p∑
j=1
b1j [X2, Zj] =
q∑
i=1
a2i [X1, Yi] +
p∑
j=1
b2j [X1, Zj]
Recall that X1 :=
∑q
l=1 αlYl and X2 :=
∑p
t=1 βtZt. Therefore:
q∑
i=1
a1i
p∑
t=1
βt[Zt, Yi]+
p∑
j=1
b1j
p∑
t=1
βt[Zt, Zj] =
q∑
i=1
a2i
q∑
l=1
αl[Yl, Yi]+
p∑
j=1
b2j
q∑
l=1
αl[Yl, Zj]
Using the bracket conditions in N the above equality becomes:
0 =
q∑
i=1
q∑
l=1
a2iαl[Yl, Yi]
which implies that
a2iαl − a
2
lαi = 0
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for all i 6= l is the condition for Ψ being in Kerδ1ρ . This practically means
that the vector (a1, . . . , aq) is proportional to the vector (α1, . . . , αq).
Now we investigate the condition forΨ ∈ Imδ0ρ . SupposeH =
∑q
i=1 hiYi+∑p
j=1 h
′
jZj and assume Ψ = δ1H . This implies
(19)
Ψ(X1) = [X1, H ] =
q∑
i=1
hi[X1, Yi] +
p∑
j=1
h′j [X1, Zj]
=
q∑
i=1
hi
q∑
l=1
αl[Yl, Yi] +
p∑
j=1
h′j
q∑
l=1
αl[Yl, Zj]
=
q∑
i=1
hi
q∑
l=1
αl[Yl, Yi] =
q∑
i=1
∑
l<i
(hiαl − αihl)[Yl, Yi]
where [Yl, Yi] ∈ {Z1, . . . , Zp}. Similarily
(20)
Ψ(X2) = [X2, H ] =
q∑
i=1
hi[X2, Yi] +
p∑
j=1
h′j [X2, Zj]
=
q∑
i=1
hi
p∑
t=1
βt[Zt, Yi] +
p∑
j=1
h′j
p∑
t=1
βt[Zt, Zj] = 0
This implies that the condition for Ψ (defined by Ψ(Xk) =
∑q
i=1 a
k
i Yi +∑p
j=1 b
k
jZj , j = 1, 2) to be in Imδ0ρ is that: a2i = b2j = 0 for all i, j, that
a1i = 0 for all i as well, and that b1j = hiαl − αihl for some hi and some hl
when [Yl, Yi] = Zj .
Therefore, the number of free parameters for Ψ ∈ Kerδ1 is q for Ψ(X1)
and p+1 for Ψ(X2). So the dimension of the constant cohomology H1ρ(N)
is p + q + 1 and the cocycle family which parametrizes H1ρ(N) is defined
by:
Ψa,b(X1) =
q∑
i=1
a1iYi
Ψa,b(X2) =
q∑
i=1
µαiYi +
p∑
j=1
b2jZj
The part
∑q
i=1 µαiYi reflects ρα,β(H1id(g, g)) (where g is R2), namely it
reflects the coordinate changes of the action ρα,β given by the matrix
(21) πµ :=
(
1 0
µ 0
)
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acting on (X1, X2).
The constant family of actions ρa,b for which Theorem 4.1 gives local
transversal rigidity, is given by the cocycle family Ψa,b, modulo the coor-
dinate changes parametrized by the one-dimensional parameter µ. Namely,
{ρa,b} is the q+p-dimensional family and each ρa,b is defined by commuting
pair of vector fields
∑q
i=1 a
1
iYi and
∑p
j=1 b
2
jZj where a1i and b2j are arbitrary
constants.
4.6. Cohomological conditions for transversal local rigidity. In [D], we
obtained a general result which, given that certain cohomological condi-
tions over a given action are satisfied, implies transversal local rigidity. We
repeat bellow the statement of that result. We shell prove that the commut-
ing actions on 2-step nilmalifold considered in previous sections do satisfy
these cohomological conditions.
Theorem 4.4. Let M be a smooth compact manifold, let V = V ect∞(M)
and let g be the Lie algebra of a Lie group G.
Let {ρµ,λ}µ∈Rq,λ∈Rk ∈ LieHom(g, V ) be a C1-family of smooth actions
on M such that there exists a positive constant σ and a collection C =
{Cr}r of positive constants for which the following conditions are satisfied
for all µ in some neighborhood V of 0 in Rq.
(i) The coboundary operator δ0ρµ,0 has a (C, σ)-tame inverse δ0∗ρµ,0 defined
on the image of δ0ρµ,0 . This means: for every Ψ ∈ Im(δ0ρµ,0) there exists
H ∈ Vect∞(M) such that δ0ρµ,0H = β and ‖H‖r ≤ Cr‖β‖r+σ for all r.
(ii) The second coboundary operator δ1ρµ,0 has a (C, σ)-tame inverse δ1∗ρµ,0
on its image. Denote by ∆µ the operator I − δ1∗ρµ,0δ
1
ρµ,0
.
(iii) Denote by pµ the projection map from Z1ρµ,0(g, V ) to H1ρµ,0(g, V ) and
let P µ := pµ∆µ. Let sµ(µ1, λ) := ρµ+µ1,λ − ρµ,0. Let P
µ
1 = π1 ◦ P
µ
and P µ2 = π2 ◦ P µ denote compositions with coordinate maps, where π1
projects Rq+k to the first q coordinates in Rq and π2 projects Rq+k to the
last k coordinates, in Rk.
a) H1ρµ,0(g, V ) ≃ Rq+k and sµ is a section map for P µ, namely P µ ◦
sµ = IdRq+k .
b) The maps pµ and sµ are bounded, uniformly in µ ∈ V with re-
spect to the C0 norm on C1(g, V ) and the usual norm on Rq+k. Moreover
‖sµ(µ1, 0)‖σ+1 ≤ C‖µ1‖ for all µ ∈ V and the map µ 7→ P µ2 is bounded on
V, with respect to the operator norm.
c) Smoothing operators can be chosen so that each P µ is equivariant
under the action of smoothing operators (see Section 2.2 of [D] for defini-
tion of smoothing operators).
Then {ρ0,0} is transversally locally rigid with respect to the family {ρ0,λ}.
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4.7. Proof of Theorem 4.1. The acting Lie group G in our case is R2, with
g = Lie(G), the manifold M is Γ \N , and the actions ρµ,λ are given by Lie
algebra homomorphisms defined on the basis of Lie algebra g by
∂
∂x1
7→
∑
i
(αi + λ
1
i )Yi
∂
∂x2
7→
∑
i
µαiYi +
∑
j
(βj + λ
2
j)Zj
The parameter µ is one-dimensional and the parameter
λ = (λ11, . . . , λ
1
q, λ
2
1, . . . , λ
2
p) is q + p-dimensional. For simplicity we may
also write λ = (λ1i , λ2j)
The parameter µ reflects coordinate changes πµ of the R2 action ρ0,0,
defined by ∂
∂x1
7→ X1 :=
∑
i αiYi and ∂∂x2 7→ X2 :=
∑
j βjZj , where πµ
are given by πµ : X1 7→ X1 and πµ : X2 7→ X2 + µX1.
From Sections 4.3 and Section 4.4 we have that both first and second
coboundary operators over ρ0,0 with coefficients in C∞(Γ \N) have tame
inverses and that the first cohomology with coefficients in smooth functions
is trivial. By Section 5.3, Proposition 1 in [D], it follows that the same is
true for coboundary operators over ρ0,0 with coefficients in vector fields,
and that H1ρ0,0(g,Vect
∞(M)) = H1ρ0,0(g,N). This is a consequence of the
fact that Γ \N is parallelizable and that with respect to a basis of N the
coboundary operators have upper triangular form.
Notice that for any action ρ given by a Lie algebra homomorphism from
g into N, if π ∈ LieAut(g), then H1ρ◦pi(g, V ) = H1ρ(g, V ) ◦ π−1. Since
ρµ,0 = ρ0,0 ◦ πµ (see (21)), as long as for µ in a fixed neighborhood of
0, πµ has a norm bounded by a constant (which is obviously true here), it
follows immediately from the corresponding conclusion for ρ0,0, that both
first and second coboundary operators over ρµ,0 with coefficients in vector
fields have tame inverses. Thus conditions (i) and (ii) of Theorem 4.4 are
satisfied.
Moreover, the same remark that H1ρ◦pi(g,N) = H1ρ(g,N) ◦ π−1 also im-
plies dimH1ρ0,0(g,N) = dimH
1
ρµ,0
(g,N) and consequently the dimensions
of all the spaces H1ρµ,0(g,Vect
∞(M)) are the same and they coincide with
the dimension of H1ρ0,0(g,N) which is computed in Section 4.5. This shows
the first part of condition (iii) a).
It remains to check the other conditions in (iii).
From Section 4.4 we see that the operator ∆0 = I − δ1∗ρ0,0δ
1
ρ0,0
on C∞
valued cocycles takes a map Ψ : g → C∞(Γ \N) into a coboundary
plus a constant. Thus the corresponding operator ∆0 on vector fields val-
ued cocycles takes Ψ : g → Vect∞(Γ \ N) into a coboundary over ρ0,0
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plus a constant cocycle which takes values in constant vector fields. Sim-
ilar fact holds for P µ. From Section 4.5 the form of these constant co-
cycles is known, so for the map P µ we have P µ(Ψ)( ∂
∂x1
) = (a11, . . . , a
1
q)
where a1i is average of the component of Ψ( ∂∂x1 ) in the direction of Yi; and
P µ(Ψ)( ∂
∂x2
) = (µ1, b
2
1, . . . , b
2
p), where µ1 is the average of the component
of Ψ( ∂
∂x2
) in the direction of Yi divided by α1, and bj is the average of the
component of Ψ( ∂
∂x2
) in the direction of Zj . This implies the identity in
part a) of condition (iii).
The boundedness requirement in part b) in this situation holds trivially
with respect to the C0 norm because the operator pµ amounts to taking
averages and sµ takes values in constant (N-valued) cocycles.
The map sµ(µ1, 0) takes ∂∂x1 7→ 0 and
∂
∂x2
7→ µX2, so the estimate re-
quired in part b) is immediate.
For the part c) of (iii) we only need to know that one can choose smooth-
ing operators which do not affect averages along various directions, and this
is a well known fact, for example one possible choice of smoothing oper-
ators is described in [Z], or in [H], or one can have a construction more
specific to the manifold like in [DK1].
Thus the conclusion of the Theorem 4.4 follows, namely the action ρ0,0
(denoted in Theorem 4.1 by ρα,β with α and β Diophantine) is transversally
locally rigid with respect to the family {ρ0,λ} (which in the initial statement
of the Theorem 4.1 was labeled by ρa,b).
5. FURTHER REMARKS ON ACTIONS WITH GH LEAFWISE LAPLACIAN
5.1. Higher step nilmanifolds. Let N be nilpotent Lie group of step r and
let N be its Lie algebra. Let Nj = [N,Nj−1] , j = 1, . . . , r denote the lower
central series of N. Let Γ \N be a compact nilmanifold.
A system of constant coefficient vector fields {X1, . . . , Xk} is called
globally hypoelliptic (GH) if whenever the system of equations X1u =
f1, . . . , Xku = fk has a distributional solution u forC∞ functions f1, . . . , fk,
then u is also C∞.
Let ρ denote the action generated by X1, . . . , Xk and let Lρ denote the
leafwise Laplacian
∑k
i=1X
2
i . It is easy to see that if Lρ is GH then the
system {X1, . . . , Xk} is GH.
In [CR] and [CR1] Cygan and Richardson conjecture the following:
Conjecture 5.1. The system {X1, . . . , Xk} is GH if and only if the following
two conditions hold:
i) The system is GH on the associated torus.
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ii) Let L denote the Lie subalgebra spanned by X1, . . . , Xk. For each
non-zero integral functional λ ∈ (Nj/Nj+1)∗,
(22) λ(L ∩Nj +Nj+1) 6= 0, j = 1, . . . , r − 1
(λ ∈ N∗j is integral if λ(log Γ ∩Nj) ⊂ Z. )
This conjecture is proved in [CR] under additional condition that for ev-
ery infinite dimensional representation π in (Γ \N )ˆ∞ the corresponding
coadjoint orbit is either flat or π is inducable from a polarization of codi-
mension one in N. In particular, the conjecture holds for 2-step nilmani-
folds, since all orbits are flat, and also holds for any nilmanifolds of higher
step which have all orbits flat.
Whenever the Conjecture 5.1 holds, it follows that if an Rk homogeneous
action on Γ \N has GH leafwise Laplacian then the rank of the action k
must be at least the number of steps r of N . Otherwise from the condi-
tion ii) above, the system {X1, . . . , Xk} is not GH, thus the corresponding
Laplacian is not GH.
So it seems that it may be possible to construct examples of Rr actions
with GH Laplacian on Γ \N where N is of step r, where condition ii)
would be enhanced with additional Diophantine type condition on each
L ∩Nj in order to ensure that KerLρ is GH and that tame estimates can be
obtained for the inverses of cohomological operators. Moreover, such ex-
amples would have trivial first and second cohomology. Namely in [CR] it
is also proved that condition ii) also implies thatKerLρ for action ρ spanned
by X1, . . . , Xk, contains only constants i.e. is trivial. So it is possible that
the transversal local rigidity result may be extended to such examples.
5.2. On the existence of Rk algebraic actions with globally hypoelliptic
leafwise Laplacian. The condition on global hypoellipticity of the leafwise
Laplacian Lρ of an abelian action ρ is obviously a very strong condition,
although probably not as strong as the condition on global hypoellipticity
of a single vector field. In the spirit of the Conjecture 2.1, the following is
proposed by Federico Rodriguez-Hertz:
Conjecture 5.2. Let ρ be an Rk homogeneous action on the homogenenous
space Γ\G, where G is a Lie group and Γ a cocompact lattice in G. If ρ has
a globally hypoelliptic leafwise Laplacian Lρ, then Γ \ G is a nilmanifold
or an infranilmanifold.
Work towards proving this conjecture is in progress, by the author and J.
Tanis.
5.3. Parametric local rigidity. Let {ρλ}λ∈Rd be a finite dimensional C1-
family of smooth Rk actions on a smooth manifold M . We say that ρ0
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is parameter locally rigid with respect to the family {ρλ} (or locally rigid
modulo the family {ρλ}), if for every sufficiently small perturbation ρ˜0 of ρ0
there exists a parameter λ¯ close to 0 such that ρ˜0 is in the smooth conjugacy
class of ρλ¯.
The classical result Theorem 1.1 states that every flow generated by a
Diophantine vector field on the torus is parameter locally rigid with respect
to the family of actions generated by the constant vector fields on the torus.
In the context of the Theorem 4.1 on a 2-step nilmanifold (which can be
viewed as being fibered over a torus), this raises a question whether it is
possible to strengthen the transversal local rigidity result in Theorem 4.1
to claim parametric local rigidity. Possibly under additional assumptions it
may be that the Diophantine condition on the base torus and the Diophantine
condition on the torus in the 0-fiber of the nilmanifold, may serve as moduli
of smooth conjugacy for arbitrary smooth perturbations of ρα,β.
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